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DERIVED EQUIVALENCES AND KODAIRA FIBERS
ANA CRISTINA LO´PEZ MARTI´N AND CARLOS TEJERO PRIETO
Abstract. We give necessary conditions for two (including non-
reduced and multiple) Kodaira curves to be derived equivalent. We
classify Fourier-Mukai partners of any reduced Kodaira curve. We
prove that the derived category of singularities of any non-reduced
and non-multiple Kodaira curve is idempotent complete.
1. Introduction
For a scheme X , we denote by FM(X) the set of isomorphism classes
of (Fourier-Mukai) partners of X , that is,
FM(X) := {Y schemes such that D(X) ≃ D(Y )}/ ≃ .
When one considers D(X) as a tensor triangulated category, a re-
sult by Thomason [52] proves that (D(X),⊗,OX) is rigidly-compactly
generated and then we can recover completely the scheme X from
the monoidal structure of D(X). Thus, if Φ: D(X) ≃ D(Y ) is an
equivalence respecting ⊗-products, then X ≃ Y , and consequently
FM(X) = {X} for every scheme X . Of course, this is no longer true
when one forgets the tensor structure of D(X) and, besides its interest
for applications in Physics, it is an interesting mathematical problem
to determine the set FM(X) for a given X . In the last thirty years,
much work has been done in this direction and by now there are many
classical results. The first examples of non-isomorphic (Fourier-Mukai)
partners were constructed among abelian varieties and K3 surfaces
[41, 42, 45, 47], varieties connected by some kinds of flops [5, 11, 19],
and many others where Y is a moduli space of certain kind of sheaves
on X [4, 8, 13]. To the contrary, Bondal and Orlov show in [6] that
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if X is a smooth projective variety with ample or antiample canonical
sheaf, then X can be entirely reconstructed from the k-linear graded
structure of Dbc(X), so that in this case FM(X) = {X}. Other im-
portant contributions to this problem are due to Bridgeland-Maciocia
[12], Kawamata [34, 35], Uehara [54, 55, 56], Favero [24] and Fabrice
[25]. Most of these articles are devoted to smooth projective varieties.
In the present article we are concerned with the problem of determin-
ing the Fourier-Mukai partners of (not necessarily neither smooth nor
reduced) one-dimensional schemes. Although much less is known for
singular varieties, we do have a generalization of the classical Bondal-
Orlov reconstruction theorem for Gorenstein schemes due to C. and F.
Sancho de Salas [50]. Like in the smooth context, their result shows
that the most interesting case to study, at least for Gorenstein schemes,
is again the case of Fano or anti-Fano schemes. Thus we focus our at-
tention in the case of projective Gorenstein curves of genus one with
trivial dualising sheaf.
Let k be an algebraically closed field of characteristic zero (see [1]
for some results about Fourier-Mukai partners of genus one curves over
an non-algebraically closed field). The computation of Fourier-Mukai
partners for genus one curves over k started with the result by Hille
and Van den Bergh who deal with the classical case of smooth elliptic
curves. They prove [31] that any Fourier-Mukai partner of a smooth
elliptic curve over k is isomorphic to itself. In [39], the first author
of this article extends that result to the case of Gorenstein reduced
curves.
In this paper, we continue our study of Fourier-Mukai partners for
other genus one Gorenstein curves. More concretely, we are inter-
ested in answering the following question: is it possible to have non-
isomorphic Kodaira curves with equivalent derived categories? In this
line we prove Theorem 7.4 and Theorem 7.5. Part (1) in Theorem 7.4
is new since we consider all Kodaira fibers, which includes curves that
are non-reduced and even multiple curves. Part (2) provides a new
proof for the result given in [39]. We no longer need to use neither
the equivalence Dsg(X) ≃ ⊕
n
i=1CM(Oˆxi) given in Theorem 5.5 nor the
classification of Cohen-Macaulay modules. As an important techni-
cal tool we see how the Picard group is determined from the derived
category. On the other hand, very little is known about the category
of singularities Dsg(X) for a scheme X with non-isolated singularities.
If X is a non-reduced and non-multiple Kodaira curve, Theorem 7.5
proves that Dsg(X) is idempotent complete. Even if our main results
are just for curves, all along the paper we provide interesting results
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concerning the general theory of integral functors and Fourier-Mukai
partners.
Kodaira curves are defined as the possible fibers appearing in a
smooth elliptic surface. They are really important because much of
what is true for surfaces generalizes to a higher dimensional elliptic
fibration, that is, a projective flat morphism Z → B of schemes whose
generic fiber is a smooth elliptic curve. Roughly speaking, what is true
puntually on the base curve in the case of surfaces becomes true gener-
ically in codimension 1. For instance, Kodaira’s classification of singu-
lar fibers works over the generic point of each irreducible component of
the discriminant locus of the fibration. In the case of elliptic threefolds
Miranda even proved that the non-Kodaira fibers are contractions of
Kodaira fibers. On the other hand, one should point out that elliptic
fibrations have been used is string theory, notably in connection with
mirror symmetry in Calabi-Yau manifolds and D-branes (see [4] for
a good survey). Some of the classical examples of families of Calabi-
Yau manifolds for which there is a description of the mirror family
are elliptic fibrations [15]. Moreover there is a relative Fourier-Mukai
transform for most elliptic fibrations [30, 29] that can be understood in
terms of duality in string theory [21, 22, 23] or D-brane theory. More
generally, due to the interpretation of B-type D-branes as objects of
the derived category and to Kontsevich’s homological mirror symmetry
proposal [37], one expects the Fourier-Mukai transform (or its relative
version) to act on the spectrum of D-branes. The study of D-branes on
Calabi-Yau manifolds inspired in fact the search of new Fourier- Mukai
partners [45, 34, 54, 32] among other mathematical problems.
The plan of the paper is as follows. In the second section, we sum-
marize some general results in the theory of Fourier-Mukai partners.
In Section 3, we review some results on the Picard scheme of a projec-
tive curve. In Section 4, we compute the Grothendieck and negative
K-groups of a curve. In Section 5, we recall the definition and main
properties of the derived category of singularities. Section 6 collects
some geometric properties of Fourier-Mukai partners and in Section 7
we prove Theorem 7.4 and Theorem 7.5 .
This article is partly based on a talk given by the first author at the
congress “VBAC2015: Fourier-Mukai, 34 years on” (University of War-
wick, 1519 June 2015). The authors would like to thank the organizers
for the invitation and to the University of Warwick for the hospitality.
Conventions. In this paper, all schemes are assumed to be separated
and quasi-compact over an algebraically closed field k of characteristic
zero and unless otherwise stated a point means a closed point. For
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any scheme X we denote by D(X) the derived category of complexes
of OX -modules with quasi-coherent cohomology sheaves. Analogously
D+(X), D−(X) and Db(X) denote the derived categories of complexes
which are respectively bounded below, bounded above and bounded on
both sides, and have quasi-coherent cohomology sheaves. The subscript
c refers to the corresponding subcategories of complexes with coherent
cohomology sheaves. We denote by PicX the Picard functor and if it
is representable then Pic(X) denotes the representing scheme. By a
curve we will understand a connected curve (possibly reducible or non-
reduced) contained in a smooth algebraic surface. We will use then the
standard notation for curves lying on smooth algebraic surfaces. If X
is a curve over k, we will write X =
∑N
i=1miΘi where mi are positive
integers and Θi are integral curves. For i = 1, . . . , N , we will denote
Ci = miΘi the irreducible components of X . The number mi is called
the multiplicity of Ci. Let m be the g.c.d. of the multiplicities mi. If
m > 1, we will say that X is a multiple curve.
2. Fourier-Mukai Partners
Two schemes X and Y are said to be (Fourier-Mukai) partners if
there exists an exact equivalence of triangulated categories between
their derived categories D(X) and D(Y ) of quasi-coherent sheaves.
For a scheme X , denote by FM(X) the set of isomorphism classes of
(Fourier-Mukai) partners of X , that is,
FM(X) := {Y schemes such that D(X) ≃ D(Y )}/ ≃ .
Let us obtain other descriptions of the set FM(X).
An object E in D(X) is said to be perfect if it is locally isomorphic
to a bounded complex of locally free sheaves of finite type. Denote by
Perf(X) the category of perfect objects on X . Obviously, Perf(X) ⊆
Dbc(X) and, thanks to Serre’s theorem, they are equal if and only if the
scheme X is regular.
Perfect complexes on a scheme X are described in purely categorical
terms as follows. An object a in a triangulated category T is said to be
compact when it commutes with direct sums, that is, if there is an iso-
morphism Hom(a,⊕ibi) ≃ ⊕iHom(a, bi) for each family of objects {bi}
in T . Neeman proved in [43] that for any scheme X perfect complexes
onX are precisely compact objects inD(X), that is, Perf(X) = D(X)c.
Thanks to this categorical characterization of perfect complexes and
the existence of dg enhancements, one can prove the following derived
Morita theorem (in the sense of Rickard).
DERIVED EQUIVALENCES AND KODAIRA FIBERS 5
Theorem 2.1 ([17], Proposition 7.4 ). Let X and Y be two schemes
with enough locally free sheaves. If X is projective, the following con-
ditions are equivalent:
(1) There is an exact equivalence D(X) ≃ D(Y ).
(2) There is an exact equivalence Dbc(X) ≃ D
b
c(Y ).
(3) There is an exact equivalence Perf(X) ≃ Perf(Y ).

If X and Y are schemes for any object K• ∈ D(X × Y ), we have an
exact functor ΦK
•
X→Y : D(X)→ D(Y ) defined as
ΦK
•
X→Y (E
•) = RπY∗(π
∗
XE
•
L
⊗K•) ,
where πX : X × Y → X and πY : X × Y → Y are the two projections.
The complex K• is said to be the kernel of ΦK
•
X→Y . Remember that
an exact functor F : D(X) → D(Y ) is an integral functor if there is
an object K• ∈ D(X × Y ) and an isomorphism of exact functors F ≃
ΦK
•
X→Y . When Φ
K•
X→Y is an equivalence it is called a Fourier-Mukai
functor.
Due to the famous representability theorem by Orlov [45], if X and
Y are smooth projective schemes over k, then any exact fully faithful
functor F : Dbc(X)→ D
b
c(Y ) is an integral functor. A generalization of
this result to smooth stacks is contained in [36]. For a long time it was
believed that any exact functor between the bounded derived categories
of two smooth projective schemes had to be an integral functor. Nev-
ertheless, a recent counterexample [48] by Rizzardo and Van den Bergh
shows that this is not true. However, for (not necessarily smooth) pro-
jective schemes, we have strong results concerning the representability
problem due to Lunts and Orlov. In [40], we find the following impor-
tant
Theorem 2.2 ([40], Theorem 9.9). Let X be a projective scheme over
k such that the maximal torsion subsheaf T0(OX) ⊂ OX of dimension
0 is trivial. Then the triangulated categories Perf(X) and Dbc(X) have
strongly unique enhancements.

As a corollary they get the following generalization of Orlov’s repre-
sentabilty theorem in the projective context.
Corollary 2.3 (Representability). Let X be a projective scheme such
that T0(OX) = 0 and let Y be any noetherian scheme. Let F : D
b
c(X)→
Dbc(Y ) be an exact fully faithful functor with right adjoint. Then there
is an object K• ∈ Dbc(X × Y ) and an isomorphism of exact functors
F ≃ ΦK
•
X→Y |Dbc(X).
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
As a consequence of the results contained in this section, the set
FM(X) can be described as follows:
(2.1)
FM(X) := {Y such that D(X) ≃ D(Y )}/ ≃
= {Y such that Perf(X) ≃ Perf(Y )}/ ≃
= {Y such that Dbc(X) ≃ D
b
c(Y )}/ ≃
= {Y such that there is ΦK
•
X→Y : D
b
c(X) ≃ D
b
c(Y )}/ ≃
where the last two equalities are true at least ifX is a projective scheme
such that T0(OX) = 0, that is, a projective scheme without embedded
points.
For non projective schemes it is not clear yet if every equivalence be-
tween the bounded derived categories of coherent sheaves is a Fourier-
Mukai functor. See [16] for a good survey on the subject.
Replacing the smoothness condition by a Gorenstein condition, C.
Sancho de Salas and F. Sancho de Salas generalize the classical Bondal-
Orlov reconstruction theorem. They prove the following
Theorem 2.4 (Theorem 1.15 in [50]). Let X be a connected equidi-
mensional Gorenstein projective scheme over k with ample canonical
or antiample canonical sheaf. If Perf(X) (resp. Dbc(X)) is equivalent
as a graded category to Perf(Y ) (resp. Dbc(Y )) for some other proper
scheme Y , then X is isomorphic to Y .

The same result is proved by Ballard in [2], but in this case the proof
uses the triangulated structure either of Dbc(X) or of Perf(X).
3. Picard schemes
For a scheme X , let Pic(X) = H1(X,O∗X) be the Picard group of X,
that is, the group of isomorphism classes of line bundles on X . Fixing a
base scheme S and an S-scheme X , the relative Picard functor PicX/S
is the sheaf associated to the functor that associates to every S-scheme
T , the set Pic(X ×S T ) for the fppf topology. If the base scheme S is a
field, Grothendieck proved that the Picard functor is representable in
the projective case. Later Murre and Oort obtained the representability
in the proper case. See [7] as a reference for the following results:
Theorem 3.1. Let X be a proper scheme over a field k. Then, the
Picard functor PicX/k is representable by a scheme Pic(X) which is
locally of finite type over k.
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
Let us recall the structure of the Picard scheme Pic(X) when X
is a proper curve over a field k . Denote by Xred the reduced curve,
that is, the largest reduced subscheme of X . By functoriality, we get a
canonical map
Pic(X)→ Pic(Xred)
whose kernel and cokernel are described by the following
Proposition 3.2. Let X be a proper curve over a field k. Then, the
canonical map
Pic(X)→ Pic(Xred)
is an epimorphism of sheaves for the e´tale topology. Its kernel is a
smooth and connected unipotent group UX which is a successive exten-
sion of additive groups Ga.

It remains to give the structure of the Picard scheme of a reduced
curve. For the curves we are interested in it is obtained from the
following result that we can find in [27], Prop. 21.8.5
Proposition 3.3. Let X and X ′ be projective and reduced curves over
k. Let φ : X ′ → X be a finite and birational 1 morphism. Let U be the
open subset of X such that φ : φ−1(U)→ U is an isomorphism and let
S = X − U . Let us denote O′X = φ∗(OX′). Then, there is an exact
sequence
0→ (
∏
s∈S
O′∗X,s/O
∗
X,s)/ImH
0(X ′,O∗X′)→ Pic(X)
φ∗
−→ Pic(X ′)→ 0 .
If the canonical morphism H0(X,OX)→ H
0(X ′,OX′) is bijective, then
the kernel of φ∗ is isomorphic to
∏
s∈S O
′∗
X,s/O
∗
X,s.

Corollary 3.4. Let X and X ′ be two projective reduced and connected
curves over k. Let φ : X ′ → X be a birational morphism which is
an isomorphism outside P ∈ X. If φ−1(P ) consists of just one point
Q ∈ X ′ and m2X′,Q ⊂ mX,P , then the sequence
0→ Ga → Pic(X)
φ∗
−→ Pic(X ′)→ 0
is exact.

1By a birational morphism X ′ → X of reducible curves we mean a morphism
which is an isomorphism outside a discrete set of points of X
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Corollary 3.5. Let X = ∪i∈ICi be a projective reduced and connected
curve over k. Suppose that the intersection points {Pj}j∈J of its ir-
reducible components are ordinary double points. Let X ′ = ⊔i∈ICi be
the partial normalization of X at the nodes {Pj}j∈J . Then, there is an
exact sequence
0→ (Gm)
s → Pic(X)→ Pic(X ′)→ 0
where s = |J | − |I|+1 is the first Betti number of the dual graph of X.

4. Grothendieck groups and negative K-Groups
In this section, we collect some results concerning the Grothendieck
and negative K-groups of a scheme X . Let us start by recalling some
notions.
An exact category is a pair (C, E) where C is an additive category
with a full embedding C ⊂ A in an abelian category A and E is a
family of sequences in C of the form
(4.1) 0→ a→ b→ c→ 0
such that
(1) E is a class of all sequences (4.1) in C which are exact in A.
(2) C is closed under extensions in A in the sense that if (4.1) is
an exact sequence in A and a, c ∈ C then b is isomorphic to an
object in C.
The exact sequences in E are called short exact sequences. We will
abuse notation and just say that C is an exact category when the class
E is clear.
An exact functor F : C → D between exact categories is an additive
functor carrying short exact sequences in C to short exact sequences in
D.
Let C be a small exact category. The Grothendieck group K0(C) of
C is the abelian group freely generated by the classes [a] of objects
a ∈ C modulo the relation [b] = [a] + [c] for every short exact sequence
0→ a→ b→ c→ 0 in C.
An exact functor F : A → B between exact categories induces a
homomorphism of abelian groupsK0(A)→ K0(B) and equivalent exact
categories have isomorphic Grothendieck groups.
For instance, any abelian category has a natural structure of exact
category and if X is a scheme and VB(X) denotes the category of
vector bundles on X , then VB(X) is also an exact category. We will
denote by G0(X) := K0(Coh(X)) the Grothendieck group associated
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to the category of coherent sheaves on X and K0(X) := K0(VB(X))
the Grothendieck group associated to the exact category VB(X) of
vector bundles on X .
Let T be a triangulated category. The Grothendieck group K0(T )
of T is the abelian group freely generated by the classes [a] of objects
a ∈ T modulo the relation [b] = [a]+[c] for every distinguished triangle
a → b → c → a[1] in T . Again exact functors (resp. equivalences)
between triangulated categories induce group homomorphisms (resp.
isomorphisms) between the corresponding Grothendieck groups.
Furthermore, in the particular case that T = Db(C) is the derived
category of an exact category C, there is an isomorphismK0(T )
∼
→K0(C)
given by sending [a] ∈ K0(T ) to
∑
i(−1)
i[ai] ∈ K0(C) if a is the com-
plex . . . → ai−1 → ai → ai+1 → . . .. Thus, we have an isomorphism
G0(X) ≃ K0(D
b
c(X)).
If X is a smooth scheme, every coherent OX -module has a finite reso-
lution by vector bundles, so that the Cartan morphismK0(X)
∼
→G0(X)
is a group isomorphism, but this is not the case for singular schemes.
However, in many interesting cases, the K-theory of vector bundles
is equivalent to the K-theory of perfect complexes. Thomason and
Trobaugh proved that this is the case for instance for quasi-projective
schemes.
Theorem 4.1 (Corollary 3.4 in [53]). Let X be a quasi-compact and
separated scheme with an ample family of line bundles. Then the inclu-
sion of bounded complexes of vector bundles into Perf(X) induces an
equivalence of triangulated categories Db(VB(X)) ≃ D(Perf(X)). In
particular, one has a group isomorphism
K0(X) ≃ K0(Perf(X)) .

Notice that if X is a scheme and U ⊂ X an open subscheme,
then the restriction of vector bundles from X to U induces a map
of Grothendieck groups K0(X) → K0(U) which in general is not sur-
jective. For this reason, negative K-groups for schemes are needed.
Taking into account the last result, Thomason and Trobaugh defined
the negative K-groups of a scheme X as Ki(X) := Ki(Perf(X)) where
Ki(Perf(X)) are defined (following Bass) by the exact sequences
0→ Ki(Perf(X))→ Ki(Perf(X [t]))⊕Ki(Perf(X [t−1]))→
Ki(Perf(X [t, t−1]))→ Ki−1(Perf(X))→ 0 .
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Here X [t] and X [t, t−1] denote the product of X with Spec(Z[t]) and
Spec(Z[t, t−1]). Negative K-groups vanish for smooth schemes, but this
is not true in general for singular schemes.
Let us compute K∗(X) when X is any projective curve. If X is a
reduced curve, Leslie Roberts proves that K−1(X) can be calculated
using its bipartite graph ΓX which is defined as follows. Let SX be
the set of singular points of X and π : X˜ → X the normalization. For
i = 1, . . . N , denote by Ci the irreducible components of X and C˜i their
normalization, so that X˜ = ⊔Ni=1C˜i. Then, ΓX has one vertex for each
point in SX and one vertex for each irreducible component of X˜ , that
is vΓX = {SX , C˜i, i = 1 . . .N}. The set of edges of ΓX is obtained as
follows: for each point Q ∈ π−1(SX), we draw an edge connecting the
irreducible component C˜i of X˜ in which Q lies to the singular point
π(Q) ∈ SX . Let us denote λ(X) the number of loops of ΓX . Then, one
has the following:
Proposition 4.2. Let X be a projective (not necessarily reduced) curve
over an algebraically closed field k. Then, the following is true
(1) The group K0(X) is generated by classes of line bundles and
there is an isomorphism K0(X) ≃ H0(X,Z)⊕ Pic(X).
(2) K−1(X) ≃ K−1(Xred) ≃ Z
λ where λ = λ(Xred).
(3) Ki(X) = 0 for i ≤ −2.
(4) X is K−1-regular, that is, Ki(X) ≃ Ki(X [t1, . . . , tr]) for all
r > 0 and all i ≤ −1.
Proof. Since X is a curve for any vector bundle E on X there is a
filtration
0 = Es ⊂ Es−1 ⊂ . . . ⊂ E1 ⊂ E0 = E
such that the quotients Er/Er+1 are line bundles. Then the rank and
the determinant of a vector bundle define the group isomorphism in (1).
Let us prove now the remanning statements. If X is reduced, see [49].
Otherwise denote by I the ideal sheaf defining the closed subscheme
Xred →֒ X . We can assume that I
2 = 0. Otherwise, consider the
following filtration
X0 = Xred ⊂ X1 ⊂ . . . ⊂ Xn−2 ⊂ X
where Xj is the subsheme of X defined by I
j . When I2 = 0, one has
the following exact sequence of sheaves on X
(4.2) 1→ 1 + I → O∗X → O
∗
Xred
→ 1 .
Since H0(X,Z) = H0(Xred,Z) andK
0(X [t]) ≃ H0(X [t],Z)⊕Pic(X [t]),
one concludes by the long cohomology sequence associated to (4.2). 
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For a connected and projective curve X whose irreducible compo-
nents are isomorphic to miP
1 for some positive integer numbers mi, we
can also compute the Grothendiek group G0(X) of coherent sheaves.
Proposition 4.3. Let X be a connected and projective curve. If every
irreducible component Ci of X is isomorphic to miP
1 where mi ≥ 1 is
an integer and P1 is the projective line, then there is an isomorphism
G0(X) ≃ Z
N+1 where N is the number of irreducible components of X.
Proof. The curve X and the corresponding reduced curve Xred have
the same subvarieties, then there is a canonical isomorphism Aj(X) ≃
Aj(Xred) for any j ∈ Z [26, Example 1.3.1]. Since Xred is connected
and its irreducible components are isomorphic to P1, any two points
of Xred are rationally equivalent. Then A0(X) = Z[x], where [x] is
the class of a point of Xred. On the other hand it is well known [26,
Example 1.3.2] that the n-th Chow group of an n-dimensional scheme
is the free abelian group on its n-dimensional irreducible components,
therefore A1(X) = Z[Θ1] ⊕ · · · ⊕ Z[ΘN ] where Θi are the irreducible
components of Xred.
The natural closed immersion i : Xred →֒ X and the normaliza-
tion π : X˜red → Xred morphism are both Chow envelopes and, by
[26, Lemma 18.3], so is the composition i ◦ π : X˜red → X . Thus
π∗ : G0(X˜red) → G0(X) is surjective [26, Lemma 18.3]. Since X˜red =
Θ˜1
∐
· · ·
∐
Θ˜N one has
G0(X˜red) ≃ G0(Θ˜1)⊕ · · · ⊕G0(Θ˜N).
Taking into account that Θ˜i ≃ P
1 we get G0(X˜red) =
⊕N
i=1 Z[OΘ˜i ] ⊕
Z[Ox˜i ], where x˜i ∈ Θ˜i. Given any two points x˜i, y˜i in Θ˜i ≃ P
1 we know
that [Ox˜i ] = [Oy˜i ]. Therefore, since X is connected, the surjectivity of
π∗ implies that G0(X) is generated by
[OΘ1 ], . . . , [OΘN ], [Ox].
By the Riemann-Roch theorem for algebraic schemes [26, Theorem
18.3] there is a homomorphism τX : G0(X) → A∗(X) ⊗Z Q with the
following properties:
(1) For any k-dimensional closed subvariety Y of X , one has that
τX([OY ]) = [Y ] + terms of dimension < k,
(2) (τX)Q : G0(X)⊗Z Q
∼
−→ A∗(X)⊗Z Q is an isomorphism.
By the first property, {τX([OΘ1 ]), . . . , τX([OΘN ]), τX([Ox])} is a basis
of A∗(X)⊗Z Q. Taking into account that {[OΘ1 ], . . . , [OΘN ], [Ox]} is a
system of generators of G0(X), the second property of τX implies that
it is also a basis. 
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Notice that this calculation agrees with the following fact proved
using the De´vissage technique (a result that, of course, is not true at
the level of derived categories).
Proposition 4.4. (De´vissage) Let X be any noetherian scheme, the
closed immersion i : Xred →֒ X induces a homotopy equivalence of K-
theories
i∗ : G0(Xred) ≃ G0(X) .
Proof. See, for instance, Theorem 6.3 Chapter II in [57]. 
5. The derived category of singularities
In this section, we recall the definition and main properties of the
derived category of singularities. This theory developed by Orlov is
related to the theory of stable categories of Cohen-Macaulay modules
introduced years before by Buchweitz and to the theory of matrix fac-
torizations given by Eisenbud.
We say that a scheme X satisfies the (ELF) condition, if it is sepa-
rated, noetherian of finite Krull dimension and with enough locally free
sheaves. This is satisfied for instance, for any quasi-projective scheme.
For a scheme X satisfying the (ELF) condition, Orlov introduced in
[46] a new invariant, called the category of singularities of X , which is
defined as the Verdier quotient triangulated category
Dsg(X) := D
b
c(X)/Perf(X) .
This is a triangulated category that reflects the properties of the singu-
larities of X . Let us see some properties of it. Denote by q : Dbc(X)→
Dsg(X) the natural localization functor.
If D is a triangulated category and S is a collection of objects in
D, we denote 〈S〉D the smallest thick subcategory of D containing S.
Unifying two results of Orlov, Chen proves in [20] the following result.
Theorem 5.1. Let X be a (ELF) scheme over k and j : U →֒ X an
open immersion. Denote by Z = X \U the complement of U and by
CohZ(X) ⊆ Coh(X) the subcategory of coherent sheaves on X sup-
ported in Z. Then the induced functor j¯∗ : Dsg(X) → Dsg(U) induces
a triangle equivalence
Dsg(X)/〈q(CohZX)〉Dsg(X) ≃ Dsg(U) .

He easily deduces the following two corollaries.
Corollary 5.2. If we denote SX the singular locus of X, then
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(1) j¯∗ : Dsg(X)→ Dsg(U) is an equivalence if and only if SX ⊆ U .
(2) Dsg(X) = 〈q(CohZX)〉Dsg(X) if and only if SX ⊆ Z.

Let us denote by k(x) the skyscraper sheaf of a closed point x ∈
X , since every coherent sheaf supported in {x1, . . . , xn} belongs to
〈k(x1)⊕ . . .⊕ k(xn)〉Dsg(X), one gets the following
Corollary 5.3. A scheme X satisfying the (ELF) condition has only
isolated singularities {x1, . . . , xn} if and only if
Dsg(X) ≃ 〈k(x1)⊕ . . .⊕ k(xn)〉Dsg(X) .

Another important feature of the derived category of singularities is
that it is not usually idempotent complete. So we will need to consider
its idempotent completion constructed as follows.
Remember that an additive category A is said to be idempotent if
any idempotent morphism e : a → a, e2 = e, arises from a splitting of
a,
a = Im(e)⊕ ker(e) .
If A is an additive category, the idempotent completion of A is the
category A defined as follows. Objects of A are pairs (a, e) where
a is an object of A and e : a → a is an idempotent morphism. A
morphism in A from (a, e) to (b, f) is a morphism α : a→ b such that
α ◦ e = f ◦ α = α.
There is a canonical fully faithful functor i : A → A defined by
sending a→ (a, 1a).
The following theorem can be found in [3].
Theorem 5.4. Let D be a triangulated category. Then its idempotent
completion D admits a unique structure of triangulated category such
that the canonical functor i : D → D becomes an exact functor. If
D is endowed with this structure, then for each idempotent complete
triangulated category C the functor i induces an equivalence
Hom(D, C) ≃ Hom(D, C)
where Hom denotes the category of exact functors.

To finish this section, let us remember the structure of the category
of singularities for a Gorenstein scheme with isolated singularities. Let
(A,m) be a local commutative ring of Krull dimension d. Recall that
a finitely generated A-module M is called a maximal Cohen Macaulay
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module if depth(M) = d or equivalently Exti(A/m,M) = 0 for all
i < d. The category of all maximal Cohen-Macaulay modules over A
is denoted by CM(A). We will also denote CM(A) the stable category
of Cohen-Macaulay modules over A which is defined as follows:
• Ob(CM(A))=Ob(CM(A)).
• HomCM(A)(M,N) = HomCM(A)(M,N)/P(M,N) where P(M,N)
is the submodule of HomCM(A)(M,N) generated by those mor-
phisms which factor through a free A-module.
When (A,m) is Gorenstein, Buchweitz proves that the stable cate-
gory of Cohen-Macaulay modules CM(A) is a triangulated category
and there is an exact equivalence CM(A) ≃ Dsg(A) with the derived
category of singularities.
The following result describes the category of singularities for Goren-
stein schemes with isolated singularities. It is a well-known result to
experts (see [14], [44] or [33]).
Theorem 5.5. Suppose that X is a Gorenstein scheme over k satisfy-
ing the (ELF) condition and only with isolated singularities {x1, . . . , xn}.
Then, there is a fully faithful functor Dsg(X) →֒ ⊕
n
i=1CM(Oxi) which
is essentially surjective up to direct summands. Taking the idempotent
completion gives an equivalence of categories
Dsg(X) ≃ ⊕
n
i=1CM(Oˆxi)
where OˆX,xi is the completion of the local ring OX,xi at the point xi.

6. Geometric consequences of an equivalence
The existence of a Fourier-Mukai functor between the derived cate-
gories of two schemes has important geometric consequences not only
in the smooth but also in the singular case. In this section we give
those that we will need for our proposals.
Let X and Y be two projective Fourier-Mukai partners. Then the
following is true:
(1) If X is connected, Y is connected.
(2) If X is a smooth scheme, then Y is also smooth (see for instance
[9]).
(3) If X is an equidimensional Cohen-Macaulay (resp. Gorenstein)
scheme and Y is reduced, then Y is also equidimensional and
it is Cohen-Macaulay (resp. Gorenstein) as well (Theorem 4.4
in [29]).
(4) X and Y have the same dimension (Theorem 4.4 in [29]).
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(5) If X is Gorenstein, ωX is trivial if and only if ωY is trivial
(Proposition 1.30 in [28]).
(6) If X and Y are Gorenstein, there is an isomorphism
⊕i≥0H
0(X,ωiX) ≃ ⊕i≥0H
0(Y, ωiY )
between the graded canonical algebras (Proposition 2.1 [39]).
In particular, if X and Y are two curves, then they have the
same arithmetic genus.
In the same vein, we have the following results.
Corollary 6.1. Let X and Y be two projective Fourier-Mukai partners.
For any i ≤ 0, there exist group isomorphisms
G0(X) ≃ G0(Y ) and K
i(X) ≃ Ki(Y )
between their Grothendieck groups and their negative K-groups.
Proof. By the characterization of the Fourier-Mukai partners given in
(2.1), one has exact equivalences Dbc(X) ≃ D
b
c(Y ) and Perf(X) ≃
Perf(Y ). Since both schemes are quasi-projective, one concludes us-
ing Theorem 4.1. 
Corollary 6.2. If X and Y are two connected projective curves over
an algebraically closed field k that are Fourier-Mukai partners, then
there is a group isomorphism
Pic(X) ≃ Pic(Y )
between their Picard schemes.
Proof. This follows from Corollary 6.1 and Proposition 4.2. 
Lemma 6.3. Let X and Y be two (ELF) schemes over k. If F : D(X)→
D(Y ) is an exact equivalence, then there is an exact equivalence
F¯ : Dsg(X)→ Dsg(Y )
between their derived categories of singularities.
Proof. If C′ and D′ are full triangulated subcategories in triangulated
categories C and D and F : C → D and G : D → C is an adjoint pair
of exact functors satisfying F (C′) ⊂ D′ and G(D′) ⊂ C′, it is easy to
prove that the induced functors
F : C/C′ → D/D′, G : D/D′ → C/C′
are also an adjoint pair. Neeman’s characterization of perfect com-
plexes on X as compact objects of the derived category D(X) of quasi-
coherent sheaves, proves that for any exact essentially surjective functor
F : D(X) → D(Y ) one has F (Perf(X)) ⊆ Perf(Y ). Thus, being F an
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exact equivalence, the above discussion proves that there is an induced
exact equivalence F¯ : Dsg(X)→ Dsg(Y ). 
Corollary 6.4. Let X be a quasi-projective scheme with isolated sin-
gularities. If Y ∈ FM(X) is a Fourier-Mukai partner of X, then Y
has also isolated singularities and both schemes have the same number
of singular points.
Proof. This follows from the above lemma using the description of
Dsg(X) given by Corollary 5.3. 
7. Kodaira curves and their Fourier-Mukai partners
Let p : S → B be a smooth elliptic surface, that is, a flat and pro-
jective morphism from a smooth surface S to a curve C whose generic
fiber is a smooth elliptic curve. The classification of all possible singu-
lar fibers of p dates back to Kodaira [58], who also named them. The
following list L contains all possible fibers divided in three subclasses
(Lj). From now on we will refer to the fibers in L as Kodaira curves.
(L1) Those fibers that are reduced curves, that is,
(I0) a smooth elliptic curve.
(I1) a rational curve with one node.
(IN) a cycle of N rational smooth curves with N ≥ 2.
(II) a rational curve with one cusp.
(III) two rational smooth curves forming a tacnode curve.
(IV ) three concurrent rational smooth curves in the plane.
(L2) Those fibers that are non-multiple and non-reduced curves,
that is,
(I∗N) X = Θ1+Θ2+Θ3+Θ4+2Θ5+2Θ6+. . .+2ΘN+5 forN ≥
0 and such that (Θ1 · Θ5) = (Θ2 ·Θ5) = (Θ3 ·ΘN+5) =
(Θ4 ·ΘN+5) = (Θ5 ·Θ6) = . . . = (ΘN+4 ·ΘN+5) = 1.
(II∗) X = Θ1+2Θ2+3Θ3+4Θ4+5Θ5+6Θ6+4Θ7+3Θ8+2Θ9
where (Θ1 · Θ2) = (Θ2 · Θ3) = (Θ3 · Θ4) = (Θ4 · Θ5) =
(Θ5 ·Θ6) = (Θ6 ·Θ8) = (Θ6 ·Θ7) = (Θ7 ·Θ9) = 1.
(III∗) X = Θ1 + 2Θ2 + 3Θ3 + 4Θ4 + 3Θ5 + 2Θ6 + 2Θ7 + Θ8
where (Θ1 · Θ2) = (Θ2 · Θ3) = (Θ3 · Θ4) = (Θ4 · Θ6) =
(Θ4 ·Θ5) = (Θ5 ·Θ7) = (Θ7 ·Θ8) = 1.
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(IV ∗) X = Θ1 + 2Θ2 + 3Θ3 + 2Θ4 + 2Θ5 + Θ6 + Θ7 where
(Θ1·Θ2) = (Θ2·Θ3) = (Θ3·Θ4) = (Θ3·Θ5) = (Θ4·Θ6) =
(Θ5 ·Θ7) = 1.
(L3) Those fibers that are multiple curves, that is,
(mI0) X = mC where C is a smooth elliptic curve and m ≥ 2.
(mI1) X = mD where D is a rational curve with one node
and m ≥ 2.
(mIN) X = mΘ1 + . . . +mΘN where m ≥ 2 and (Θ1 · Θ2) =
(Θ2 ·Θ3) = . . . = (ΘN ·Θ1) = 1 and m ≥ 2.

All the irreducible components Θi of the reducible fibers are smooth
rational curves with self intersection -2.
Recall that the arithmetic genus of a projective curve X is defined
by ga(X) := 1 − χ(OX) where χ is the Euler-Poincare´ characteristic.
Any Kodaira curve X is a Gorenstein projective curve of arithmetic
genus one and has trivial dualising sheaf.
Reduced Kodaira curves were characterized by Catenese in [18] as
follows.
Proposition 7.1 (Proposition 1.18 in [18]). Let X be a projective pla-
nar reduced connected curve over an algebraically closed field k. Then,
X is Gorenstein of arithmetic genus one and has trivial dualising sheaf
if and only if X is isomorphic to a Kodaira curve in the subclass (L1).

As far as we know there is no similar classification for non-reduced
Gorenstein curves of genus one and trivial dualising sheaf in the liter-
ature.
Let us compute now the Grothendieck groups and the negative K-
groups of all Kodaira fibers.
Proposition 7.2. Let X be a Kodaira curve. Then the Grothendieck
group G0(X) of coherent sheaves on X is isomorphic to Z
NX+1 where
NX is the number of irreducible components of X.
Proof. If Xred is an integral curve (that is, a smooth elliptic curve, a
rational curve with one node or a rational curve with one cusp), the
rank and the degree of a coherent sheaf on Xred give the isomorphism
G0(X) ≃ Z
2. Otherwise, since all irreducible components of X are
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isomorphic to miP
1 for some integer mi > 0 and P
1 the projective line,
the result follows from Proposition 4.3. 
Proposition 7.3. Let X be a Kodaira curve.
(1) If Xred is of type IN for some N ≥ 1, then K
−1(X) ≃ Z and
Ki(X) = 0 for any i < −1.
(2) Otherwise, Ki(X) = 0 for any i ≤ −1.
Proof. This follows from Proposition 4.2 and the fact that ΓXred has
one loop if Xred is of type IN and it has no loops for any other Kodaira
curve. 
Our next aim is to know more about Fourier-Mukai partners of Ko-
daira curves. In this sense, we have the following
Theorem 7.4. Let X and Y be two Kodaira curves such that there is
an exact equivalence Φ: D(X) ≃ D(Y ) between their derived categories
of quasi-coherent sheaves. Then,
(1) X ∈ (Lj) if and only if Y ∈ (Lj) for j = 1, 2, 3.
(2) If j = 1, then X is isomorphic to Y . In this case, FM(X) =
{X}.
Proof. Notice first that since X is a projective curve without embedded
points, T0(OX) = 0 and consequently all descriptions of the set FM(X)
given in (2.1) are valid and Y ∈ FM(X).
Thus, the two Fourier-Mukai partners X and Y share all the geo-
metric properties stated in Section 6. In particular, the isomorphism
G0(X) ≃ G0(Y ) between the Grothendieck groups of coherent sheaves
implies, by Proposition 7.2, that X and Y have the same number
NX = NY of irreducible components. Furthermore, by Corollary 6.2,
we have an isomorphism φ : Pic(X) ≃ Pic(Y ) between their Picard
schemes.
Suppose first that X belongs to (L1). If X is a smooth curve, then
Y has to be also smooth and the isomorphism between their Picard
schemes induces an isomorphism Pic0(X) ≃ Pic0(Y ) between their Ja-
cobians. Since the Jacobian of a smooth elliptic curve is isomorphic to
itself, we have X ≃ Y and one concludes the proof of the theorem in the
smooth case. If X is singular, since X has only isolated singularities,
by Corollary 6.4 the same is true for Y which means that Y is also re-
duced. Then Y belongs to (L1) because of Proposition 7.1. Moreover,
Corollary 6.4 implies that X and Y have the same number of singu-
lar points. Having the same number of irreducible components and
the same number of singular points, to conclude that FM(X) = {X}
the only thing to check is that a rational curve with one node (type I1)
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and a rational curve with one cusp (type III) cannot be Fourier-Mukai
partners. Let C be a curve of type I1 and let D be a curve of type III.
By Corollaries 3.4 and 3.5, we have the exact sequences
0→ Gm → PicC → PicP
1 → 0
0→ Ga → PicD → PicP
1 → 0
whereGm (resp. Ga) is the multiplicative (resp. additive) group. Then,
Pic(C) is not isomorphic to Pic(D) and we finish the proof in this case.
Suppose now that X belongs to (L2). The Picard scheme of X is
given by an exact sequence
(7.1) 0→ Ga → Pic(X)→ Z
NX → 0 .
Indeed, in this case Xred is always a tree-like curve (see [38]). Then, by
Corollary 3.5, one has
Pic(Xred) ≃
NX∏
i=1
Pic(P1) ≃ ZNX
According to Proposition 3.2, the kernel of the epimorphism Pic(X)→
Pic(Xred) is a uniponent group UX which is a successive extension of ad-
ditive groups of dimension equal to h1(X,OX)−h
1(Xred,OXred). Since
X is connected and ωX ≃ OX , one gets UX ≃ Ga.
On the other hand, if Y belongs to (L3), one has an isomorphism
Pic(Y ) ≃ Pic(Yred) because in this case the kernel UY has dimension
h1(Y,OY ) − h
1(Yred,OYred) = 0. Then, by Corollary 3.5, the Picard
scheme of Y is given by an exact sequence
(7.2) 0→ Gm → Pic(Y )→ Z
NY → 0 .
By (7.1) and (7.2), there are no isomorphisms between Pic(X) and
Pic(Y ). Thus, X and Y cannot be Fourier-Mukai partners finishing
the proof. 
In the reduced case it is the derived category of singularities Dsg(X)
what allows to distinguish the Fourier-Mukai partners. If X has only
isolated singularities, this category is well described by Theorem 5.5.
Very little is known about this category in the case of schemes with
non-isolated singularities. A first property is given by the following
Theorem 7.5. Let X be a Kodaira curve in the subclass (L2). Then the
derived category of singularities Dsg(X) of X is idempotent complete.
Proof. The triangulated categories Dbc(X) and Perf(X) are both idem-
potent complete and we have a full triangle embedding Perf(X) ⊂
Dbc(X). By Proposition 7.3, we know thatK
−1(X) = 0 for any Kodaira
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curveX in the subclass (L2). According to Remark 1 in [51] this vanish-
ing result implies that the Verdier quotient Dsg(X) = D
b
c(X)/Perf(X)
is idempotent complete. 
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